In this paper, first we show that there is a Hom-Lie algebra structure on the set of (σ, σ)-derivations of an associative algebra. Then we construct the dual representation of a representation of a Hom-Lie algebra. We introduce the notions of a Manin triple for Hom-Lie algebras and a purely Hom-Lie bialgebra. Using the coadjoint representation, we show that there is a one-to-one correspondence between Manin triples for Hom-Lie algebras and purely Hom-Lie bialgebras. Finally, we study coboundary purely Hom-Lie bialgebras and construct solutions of the classical Hom-Yang-Baxter equations in some special Hom-Lie algebras using Hom-O-operators.
Introduction
In the study of σ-derivations of an associative algebra, Hartwig, Larsson and Silvestrov introduced the notion of a Hom-Lie algebra in [8] . Some q-deformations of the Witt and the Virasoro algebras have the structure of a Hom-Lie algebra. By Hartwig 
Because of their close relation to discrete and deformed vector fields and differential calculus [8, 12, 13] , Hartwig, Larsson and Silvestrov's Hom-Lie algebras were widely studied. Recently, Elchinger, Lundengard, Makhlouf and Silvestrov extend the result in [8] to the case of (σ, τ )-derivations, see [7] for more details.
Then in [15] , Makhlouf and Silvestrov modified the definition of the Hom-Lie algebra. In Makhlouf and Silvestrov's new definition, a Hom-Lie algebra (g, [·, ·] g , φ) is a nonassociative algebra Lie algebras and a purely Hom-Lie bialgebra. We show that there is a one-to-one correspondence between Manin triples for Hom-Lie algebras and purely Hom-Lie bialgebras (Theorem 4.11). In Section 5, we study coboundary purely Hom-Lie bialgebras and introduce the notion of the classical Hom-Yang-Baxter equation. We construct solutions of the classical Hom-Yang-Baxter equation in some semidirect product Hom-Lie algebra using Hom-O-operators (Theorem 5.12).
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Hom-Lie algebra structures on the set of (σ, σ)-derivations
In this section, we construct a Hom-Lie algebra on the set of (σ, σ)-derivations of an associative algebra.
A Hom-Lie algebra (g, Let A be an associative algebra over a field K, and σ and τ denote two algebra endomorphisms on A. A (σ, τ )-derivation on A is a linear map D : A −→ A such that
The set of all (σ, τ )-derivations on A is denoted by Der σ,τ (A). See [7] for examples of (σ, τ )-derivations. Let σ be an algebra isomorphism of A. Define a skew-symmetric bilinear map [·, ·] σ :
The following lemma ensures that the operation [·, ·] σ is well-defined.
Theorem 2.2. With the above notations, (Der
which implies that Ad σ is an algebra isomorphism. 
In particular, if m = 0, l = 0, we recover the usual derivation Lie algebra.
Example 2.4. Let M be a differential manifold, and
is a Hom-Lie algebra. This example plays important role in our future study on Hom-Lie algebroids.
] be an algebra isomorphism. Then the set of (σ, σ)-derivations is given by
which has a basis {d n |n ∈ Z}, where
In particular, we have
The Hom-Lie bracket is given by
(i) If σ(t) = qt, for some q ∈ C\{0, 1}, then
Dual representations
In this section, we construct the dual representation of a representation of a Hom-Lie algebra without any additional condition. This is nontrivial. To our knowledge, people need to add a very strong condition to obtain a representation on the dual space in the former study. This restricts its development.
, such that for all x, y ∈ g, the following equalities are satisfied:
We denote a representation of a Hom-Lie algebra (g,
be a Hom-Lie algebra. The linear map φ : g −→ g can be extended to a linear map from ∧ k g −→ ∧ k g, for which we use the same notation φ via
Furthermore, the bracket operation [·, ·] g can also be extended to (12) for all
is a HomGerstenhaber algebra introduced in [11] .
be a Hom-Lie algebra. For any integer s, the φ s -adjoint representation of g on ∧ k g, which we denote by ad s , is defined by
In particular, we write ad 0 simply by ad.
Given a representation ρ of the Hom-Lie algebra (g,
Then we have d
to denote the corresponding cohomology group.
. In the sequel, we always assume that β is invertible. Define ρ
However, in general ρ * is not a representation of g anymore (see [3] for details). Define ρ
More precisely, we have
Proof. For all x ∈ g, ξ ∈ V * , we have
. On the other hand, by the Hom-Jacobi identity, for all x, y ∈ g, ξ ∈ V * and u ∈ V , we have 
* is an automorphism of the Lie algebra (g ⊕ V
Purely Hom-Lie bialgebras and Manin triples for HomLie algebras
In this section, we give the notions of a Manin triple for Hom-Lie algebras and a purely Hom-Lie bialgebra, and show that they are equivalent. First we modify the notion of a quadratic Hom-Lie algebra.
The quadruple (18) is not the same as the one give in [3] , where the author used the condition 
Remark 4.3. Note that the invariant condition
where ∆ : g −→ ∧ 2 g is the dual of the Hom-Lie algebra structure
Example 4.7. Let g and g ′ be the two Hom-Lie algebras given in Example 4.5. We view g ′ as the dual space of g and view {e 3 , e 4 } the dual basis of {e 1 , e 2 }. Then (g, g ′ ) is a purely Hom-Lie bialgebra.
Remark 4.8. We give some explanations of the compatibility condition (20). Due to the fact that ⊕
On the other hand, using the cohomology point of view, (20) also means that ∆ is a 1-cocycle on g with the coefficients in (∧ 2 g, ad −2 ). [24] and [18] respectively. In [24] , a Hom-Lie bialgebra is a quadruple (20) and (21) are not the same. The other difference, which is more intrinsic, is that the algebra homomorphism on g * is (φ −1 ) * in a purely Hom-Lie bialgebra and the algebra homomorphism on g * is φ * in Hom-Lie bialgebras given in [24] and [18] . By Remark 3.5, we believe that using (φ −1 ) * as the algebra homomorphism on g * is more natural. 
Remark 4.9. Our definition of a purely Hom-Lie bialgebra is different from the Hom-Lie bialgebras given in
(g, [·, ·] g , ∆, φ), where (g, [·, ·] g ,
φ) is a Hom-Lie algebra and (g, ∆, φ) is a Hom-Lie coalgebra 1 such that the following compatibility condition is satisfied:
∆([x, y] g ) = ad φ(x) ∆(y) − ad φ(y) ∆(x), ∀x, y ∈ g.(21)
Note that even though one can also explain the above compatibility condition as a derivation, or a 1-cocycle, there is not a natural Hom-Lie algebra structure on g ⊕ g * . To solve this problem, the authors introduced another kind of Hom-Lie bialgebras based on admissible Hom-Lie algebras in [18]. However, the condition for an admissible Hom-Lie algebra is quite strong, which makes such kind of Hom-Lie bialgebras too restrictive. It is obvious that the compatibility conditions
where ad ξ η = [ξ, η] g * and Υ : g * −→ ∧ 2 g * is the dual of the Hom-Lie algebra structure [·, ·] g :
ad *
Then for all x, y ∈ g, ξ, η ∈ g * , by ad *
and
Note that (25) can be viewed as a generalization of (16). Proof. Let (g, g * ) be a purely Hom-Lie bialgebra. For all x, y ∈ g and ξ, η ∈ g * , by (25), we have
Now we show that [·, ·] ⊲⊳ satisfies the Hom-Jacobi identity:
which is equivalent to the following two equalities
By straightforward computation, we have
By Corollary 3.8, ad
On the other hand, for any γ ∈ g * , we have
which implies that (29) holds. Similarly, by Lemma 4.10, we deduce that (30) holds. Therefore, [·, ·] ⊲⊳ satisfies the Hom-Jacobi identity (28). By (27) and (28)
is a Hom-Lie algebra. Furthermore, it is obvious that the bilinear form B defined by (26) is invariant. Therefore, (g ⊕ g * ; g, g * ) is Manin triple for Hom-Lie algebras.
Conversely, if (g ⊕ g * ; g, g * ) is a Manin triple for Hom-Lie algebras, then by (18), we obtain
By (17), we can deduce that
Then similarly as the proof of (29), we get the compatibility condition (20) . Thus, (g, g * ) is a purely Hom-Lie bialgebra.
Triangular Hom-Lie bialgebras
For any r ∈ ∧ 2 g, the induced skew-symmetric linear map r ♯ : g * → g is defined by
Definition 5.1. A purely Hom-Lie bialgebra (g, g * ) is said to be coboundary if
be a Hom-Lie algebra and
Then for all ξ, η ∈ g * , we have
where
Proof. To be simple, assume r = r 1 ∧ r 2 . By (32) and (23), we have
On the other hand, for all θ ∈ g * , we have
which implies that (35) holds. 
Under these conditions, (g, g * ) is a coboundary purely Hom-Lie bialgebra.
Proof. By straightforward computation, (φ −1 ) * is an algebra automorphism, i.e. (φ
For all x ∈ g, we have
Thus, by Proposition 5.2 and (24), we have
which implies that Hom-Jacobi identity is satisfied if and only if ad x [r, r] g = 0, for all x ∈ g. ).
At the end of this section, we construct a solution of the classical Hom-Yang-Baxter equation using the Hom-O-operator introduced in [4] , which is a generalization of an O-operator introduced by Kupershmidt in [10] . Next, we consider the semi-direct product Hom-Lie algebra g⋉ ρ ⋆ V * . Any linear map T : V → g can be view as an elementT ∈ ⊗ 2 (g ⊕ V * ) viā
Let κ be the exchange operator acting on the tensor space, then r :=T − κ(T ) is skew-symmetric. 
